The main purpose of this paper is to prove a sharp estimate of the order p(w) of a transcendental solution w in the complex plane of an n th-order linear differential equation with polynomial coefficients in terms of the distribution of its Stokes rays, under the assumption that zero is not a Nevanlinna deficient value of w . If, in addition, there are only two Stokes rays and if all the solutions of the equation have order at most p(w), then we can conclude that the coefficients of the equation are all constants.
Introduction and results
For the sake of convenience, let us first introduce some notation: D -D(6X, 02, ... , 6") denotes a system of rays D -(J"=1 {z ; arg z = 0j} , O<0X <---<0n+x = 0x+2n.
co (resp. 6) = 01(D) (resp. 0(D)) = max (resp. min){g %_g ; 1 < j < «} . Vj(e) = {z; |argz-0;|<e}. G(D,e) = C\[j"j=lVj(e).
Let w(z) be a function meromorphic in the complex plane. We will say that the zeros of a meromorphic function w(z) are attracted to D, provided that for any e > 0, n(r,G(D,e),^j=o(T(r,w)), as r -» +00, where n(r, G(D, e), l/w) is the number of zeros of w(z) lying in G(D, e) n {\z\ < r}. Throughout we denote by p(w) (resp. X(w)) the order (resp. lower order) of w(z) and assume that the reader is familiar with Nevanlinna theory of meromorphic functions and the standard notation.
Discussions of the oscillation of the second-order linear differential equation (SDE) (1) w"+A(z)w = 0, where A(z) is a polynomial, are very complete and delicate. The reader is referred to Gundersen [10] , Hille [11, Chapter 5] , and Bank and Laine [1] . In [10] , some of the results clearly and completely describe the distribution of zeros of solutions of SDE ( 1 ) . Let w(z) be a transcendental solution of SDE (1) . Write A(z) -a"z" + -\-oq , an^0, and set (2) 9j=2n(j+^arga^ J = 0¡u2>__n+L
Lemma 2 in [10] asserts that if w(z) has infinitely many zeros in Vj(e) for some j, then the number of those zeros is n (r, Vj(e), 1) = (1 + 0{\))^r", P = ^ = P(w).
Let p(w) denote the number of the set of all j £ {0, 1,...,« + 1} with the property that for some e > 0, w(z) has only finitely many zeros in Vj(e). Clearly 0 < p(w) < « + 2. Then for any e > 0, all but finitely many zeros of w(z) lie on n + 2-p(w) of all Vj(e)'s (0 < ;' < « + 1) and (3) i{o,a) = MO,w)=JfM-y This assertion comes from the following result. Theorem 1. Let wx and w2 be two independent solutions of SDE (1) . If A(z) is not a constant, then the zeros of E = wxwi are attracted to a system of rays Dq = D(0it, 0j2, ... , 0im) (0 < i\ < i% < • • • < im < n + 1) having the same form as in (2) with the properties that for each 6\ and arbitrary small e > 0, Vik(e) contains infinitely many zeros of E, ■co(D0) = ^±1 = p(wx) -p(w2), and m>2.
It is easy from the above theorem to see that if SDE ( 1 ) has a FS, the zeros of which are attracted to a straight line which goes through the origin, then A(z) is a constant. This result is essentially due to Gundersen [10] .
What about the distribution of zeros of solutions of general linear differential equation (GDE) (4) fW + an-Xß"-V + --+ a0f = 0, with all coefficients a, 's being polynomials? Many excellent results corresponding to those concerning SDE (1) have been listed; please refer to Frank [7] , Steinmetz [13] , and Brüggemann [4] . The following is well known and comes from the theory of asymptotic integration (see, e.g., Brüggemann [5] ): GDE (4) has « linearly independent formal solutions
where Pj(z) is a polynomial in zl/p, m¡ £ No, pj £ C, and Qj is a polynomial in logz over the field of formal series J2seN asz~slp , Q¡(z, logz) = 1 + 0(l/logz1/p), as r ^ oo. Then given a ray arg z = 0, there exists a sufficiently small h > 0 (which depends on 0 ) such that {ti^ll < j < «} represents a fundamental system of GDE (4) (4) having Stokes rays argz -0j, 1 < j < m, of order p(w). Then the number of zeros of w(z) in \z\ < r, but outside the logarithmic strips | argz -0\ < /l(log+ IzD/lzl1^ for 0 = 0X, ... ,0m (A a sufficiently large constant) is 0(rp~e) for some e > 0.
Hence the zeros of any transcendental solution of GDE (4) are attracted to a system of its Stokes rays of order p . Define the indicator function hw(0) of w by (6) «w(rJ):=rlimsupl0gye)l (0 £ W).
Let it; be a solution of order p(w), 0 < p(w) < oo, of GDE (4). Theorem 2 in [13] asserts that In §2, we shall give the proof of our reults. In §3, we shall discuss the incompleteness in the proof of a conjecture of Hellerstein and Rossi given by Brüggemann in [5] .
We conclude this section with
Remarks, (i) It is easy to see that in the case of SDE ( 1 ), " ö(0, w) = A(0, w) = 0 " if and only if p(w) = 6(D), m = 2p, so the condition in Theorem 3 is sharp and the estimates there are the best possible. We easily see from the discussion of the Airy DE that Corollary 1 is sharp.
(ii) Theorem 3 remains true, even if GDE has rational coefficients.
(iii) Theorem 1 is also sharp. Actually, let 01 be a nonreal cube root of unity. Then Ai(z) and Ai(oiz) are two independent solutions of Airy DE, and all the zeros of E = Ai(z)Ai(oiz) lie only on two rays the minimum argument of which equals to 2n/3 .
Proof of theorems
In the proof of Theorem 1, we need the following result, which is Theorem (2) such that for arbitrary e > 0, h(z) only has finitely many zeros and poles in the region G(Do, e) corresponding to the system Dq , but it has an infinite number of zeros or poles in each Vik(e) corresponding to ray argz = 0ik. Obviously, p > co(Do). Lemma 3 in [10] shows that there exist at most « + 2 distinct values bx, ... , bn+2 such that Yllt]à(bk > n) = 2. We implies that p(wx) = p(w2) = « + 2, i.e., 0 is a PEV of wx and 102 , which contradicts A(z) being nonconstant. Thus Theorem 1 follows.
Proof of Theorem 3. Here we only prove that 02-0i < nl P(w) > for by the same reasoning, we can deduce that 0¡+x -0¡ < n/p(w), and therefore p(w) < Q(D). Suppose that 02-0i > n/p(w) ■ Choose a sufficiently small number 6 > 0 such that 02 -Ö, -6ô > n/(p(w) -Ô). Define k := n/(ß -a), 0X + ô < a < 0X + 20, 02 -26 < ß < 02 -ô, On the other hand, from (33) in [13] , we have Frank [7] considered the number of zeros of a fundamental system of GDE (4) and proved that GDE (4) possesses no fundamental system, each element of which has only finitely many zeros, i.e., has PEV 0, unless GDE (4) can be transformed to another GDE with constant coefficients. Following Frank's work, the discussions of this subject have developed in two directions.
One is the Frank-Wittich conjecture (cf. [7, 2, 16] ) that the result of Frank remains true if PEV 0 is replaced by BEV 0. This has been proved independently by Brüggemann [4] and Steinmetz [14] ; the other is the Hellerstein-Rossi conjecture (cf. [3, Problem 2.72] ) that the conclusion of Frank still holds if each solution of a FS of GDE (4) has only finitely many nonreal zeros instead of "PEV 0". Brüggemann [5] offered a proof of the Hellerstein-Rossi conjecture, but his proof seems to be incomplete. The conclusion he obtained in [5] where «nrÍ'-, Wj) denotes the number of nonreal zeros of Wj in \z\ < r and at least one wk with p(wk) -maxx<j<n p(Wj) and without BEV 0 exists. Then all the üj (0 < j < « -1) are constant. However, Lemmas 2 and 3 in [5] , which play an important role in the proof of the above assertions, are incomplete. Actually, Lemma 2 there asserts that any transcendental solution of GDE (4) which has only finitely many nonreal zeros must be of integer order. That certainly is not true, for Ai(-z) is a solution of w" + zw -0 with only positive real zeros, but it is well known that p(Ai(-z)) = I.
Let us analyse the proof of Lemma 2 in [5] . The case when the solution w¡ has only one essential asymptotic change in the sense of Brüggemann [5] , which indeed may occur, was not considered there. Hence Lemma 3 in [5] is also incomplete, for the w¡ may have only positive or negative real zeros, but, for this case, the form of the indicator function hWl(0) was not listed.
Transcendental entire functions with integer order having only positive real zeros, of course, do exist. A natural problem is raised: Does there exist a GDE (4) with nonconstant coefficients possessing a transcendental solution with the property that all but a finite number of its zeros are positive real numbers and its order is an integer? This is closely related to the proof of the Hellerstein-Rossi conjecture by Brüggemann [5] . In the case of SDE (1) when A(z) is a real polynomial, the answer to the above problem is negative (cf. [10, Corollary 3] ).
In summary, Brüggemann [5] only proved the following:
Theorem A. Assume that there is a FS {wx, ... , wn} of GDE (4) such that each Wj has either BEV 0 or exactly two essential asymptotic changes at argz = 0, n and at least one wk exists among w¡ having not BEV 0 such that p(Wk) = maxi<j<« P(wj) ■ Then all the üj (1 < j < « -1) are constant. 
